A vertical exterior derivative is constructed that is needed for a graded Poisson structure on multisymplectic manifolds over nontrivial vector bundles. In addition, the properties of the Poisson bracket are proved and first examples are discussed.
Introduction
In [6] a geometrical framework to handle field theories over manifolds in a finite dimensional geometry is proposed. This mathematical setting appears under the name multisymplectic geometry, De Donder-Weyl theory, Hamilton-Cartan formalism, and covariant field theory in the literature ( [5, 7, 8, 4] ). The basic idea is to treat the space coordinates of a given field theory as additional evolution parameters. Thus, there is a finite number of variables (the field and its first derivatives) that evolute in space-time rather than a curve in an infinite-dimensional vector space of field configurations. As shown in [17, 15] one can incorporate the field equations and the Noether theorem [14] in that formulation, but in order to find a corresponding quantum field theory -at least in the sense of a formal deformation [1, 3] -one has to formulate the dynamics of the classical theory in terms of Poisson brackets first.
Kanatchikov ([10, 11] ) has constructed such a bracket for trivial vector bundles over orientable manifolds. In the nontrivial case the used "vertical exterior derivative" which plays a central rôle in the construction is not globally defined. What is needed is a derivative in vertical directions that in particular has square zero. A first guess would be to use a connection and take an expression like dv A ∧ ∇ A with ∇ being a covariant derivative and dv A being vertical. The condition that its square gives zero is then equivalent to the flatness of ∇ along fibres. As the fibres under consideration are vector spaces one would indeed expect that it is possible to construct such a covariant derivative. This construction constitutes the main part of this paper.
The remaining part of this article is organised as follows. In the first section a short overview over the multisymplectic approach is given. Then, with the help of a covariant derivative that is flat along the fibres of phase space, the already mentioned vertical exterior derivative is constructed and discussed. Then the Poisson structure is given and the defining properties are proved. Finally, mechanics as the case of a trivial (vector) bundle over a one-dimensional base manifold (i.e., the time axis Ê) is recovered and the scalar field case is considered.
The appendix contains some well known facts about connections viewed as sections of jet bundles and the construction of the already mentioned covariant derivative on the multisymplectic phase space.
From variational principles to multisymplectic geometry
In field theory, solutions of the field equations are stationary points of the action functional
where M is some (n + 1)-dimensional parameter space (e.g. space-time), ∇ϕ is the gradient of the field ϕ and L is the Lagrange density.
In general, ϕ is a section of a vector bundle π :
and thus defines an element of J 1 V , the first jet bundle of V ([16, 13] ). Using a linear connection
we obtain an isomorphism
for all v in V , where we have used (VV ) v ∼ = V π(v) for vector bundles V and their vertical tangent bundles VV . In particular, we find
for ∇ denoting the covariant derivative corresponding to Γ and ξ being a tangent vector on M .
With the help of this the Lagrange density can be interpreted as a mapping
where
is the first jet prolongation of ϕ ∈ Γ(V ). Now stationary points of L correspond to solutions of the Euler-Lagrange equations, which in local coordinates 1) (
Now we want to formulate the theory on what we shall call phase space. Since J 1 V is not a vector bundle but an affine bundle, one chooses the dual J 1 V * to be the bundle of affine mappings from J
One can show (see [6] , ch. 2B) that J 1 V * , being a vector bundle over V (it inherits a vector space structure from the target space Λ n+1 T * M ), is canonically isomorphic to Z ⊂ Λ n+1 T * V , where
we obtain an (n + 1)-form on Z ,
which will be called canonical (n + 1)-form thereafter. There is a canonical (n + 2)-form Ω on Z , too, Using coordinates
where d n+1 x = dx 1 ∧ · · · ∧ dx n+1 . Now we are in the position to reformulate (1) . As a first step we define a covariant Legendre transform for L Γ :
In coordinates as above it takes the form
Using L Γ we can pull back the canonical (n + 1)-form Ω to obtain the so-called Cartan form
One can show ( [6] , theorem 3.1) that the Euler-Lagrange equations (1) are equivalent to
A vertical exterior derivative
Let us denote the multisymplectic phase space J 1 V * by P to simplify notation. In what follows we will need a mapping that is in some sense the vertical part of the exterior derivative on P . In particular, it must have square zero. Whereas the derivation along fibres of P → M can be defined without additional data, the space of vertical forms as a subspace of vertical forms cannot 2) . This is due to the fact that one needs to specify what is not vertical if one is looking for the dual of vertical vectors. For this, one needs a connection in the bundle P over M . This is dealt with in appendix A. With the help of this connection we can split T p P into horizontal and vertical components for each point p of P . In
The detailed definition of the latter is explained in the appendix. In coordinates as above,
Using the duality between T P and T * P , we obtain a covariant derivative D * on T P , in particular
A and all indices ρ. Thus for every
One can, however, define the space of vertical forms canonically, but in what follows we need the wedge product of a vertical form and an arbitrary one. For this, one needs an embedding of vertical forms in the space of forms, which in turn requires the use of a connection.
3) When working in coordinates of P , we will use the following convention which is similar to the one for coordinates on J 4) This mapping is a globally defined version of the derivative used by Kanatchikov in [10, 11] .
This justifies the name vertical exterior derivative.
Poincaré lemma for d V

Lemma 3.1 (Poincaré lemma for
Then for every p ∈ P there exists a neighbourhood U p and a (r − 1)-Form β such that α↾
PROOF: As fibres of P → M are contractible and d V , restricted to such a fibre, acts like the exterior derivative, this is a consequence of the Poincaré lemma. In detail, let m = π(p) and U be a neighbourhood of m such that P ↾ U is trivial.
as above (in what follows we will omit the point p when writing a covector). Then we have
where α l is of the form
Furthermore, we see that
Now, if we restrict the α l,i l+1 ···i r to a fixed fibre P m of P → M , applying d V corresponds to the exterior derivative on that space. As the fibre under consideration is a vector space, it follows that
and hence
Field equations
Now we assume that the middle equation of (3) can be rearranged so that the variables v A i can be expressed in terms of
. In other words, we require det
Then the Lagrange density L, (3), becomes a function over phase space,
and we obtain the so-called Hamilton function
Using this, the generalised Hamiltonian equations
are equivalent to the Euler-Lagrange equations (1), ([15] , ch. 4.2). This can be formulated in a coordinate free manner.
Let solutions of (1) be described by (n + 1)-vector fields (1,n) , where Θ (1,n) denotes the vertical component of Θ (so that in the splitting above Ω (2,n) has two vertical and n horizontal components),
the generalised Hamilton equations (4) are equivalent to
Hamiltonian forms and a graded Poisson structure
With the help of the vertical exterior derivative we can define the graded vertical Lie derivative by an r-vector field by
for every form Φ on T P .
An r-vector field r X is called a Hamiltonian multi-vector field iff there is a horizontal n + 1 − r-form
The set of all such forms will be called the set of Hamiltonian forms and denoted by H F . Not every horizontal form is automatically Hamiltonian. Indeed, if we write in local coordinates
where ω is the horizontally lifted volume form of M and e i 1 ···i r = e i 1 ∧ · · · ∧ e i r , we find for n > 0 ( [11] )
which puts a restriction on the admissible horizontal forms F, namely
Hence, as already remarked in [9] , the coordinate expression of F can depend on the coordinates of the fibre of P in a specific polynomial way only, where each coordinate p i A appears at most to the first power.
If n = 0 then Ω (2,0) does not contain any horizontal degree and the Hamiltonian forms are just functions on P . For those, the conditions (8) become
Hence, arbitrary functions F are allowed. 
where the functions f are antisymmetric in the upper indices.
If n = 0, then the set of Hamiltonian forms consists of all functions on the phase space P .
With that, we have the following observation. 
is a Hamiltonian form.
Proof: This can be checked by a calculation using coordinates. Let us suppose n > 0. (The case n = 0 is easy because there is no additional restriction on Hamiltonian forms apart from having horizontal degree zero.) Firstly, the above expression (13) 
Because of the special form of r X and s X according to lemma 5.1 we find
and
This shows that r X s X Ω (2,n) fulfils the conditions derived from (8) and thus is Hamiltonian. 2 Looking at equation (13) we can ask what the corresponding Hamiltonian multi-vector field might be. One calculates 
Proposition 5.1 The bracket
defined by (16) has the following properties: 
It is graded antisymmetric,
{ r F, s F} = −(−) (n−r)(n−s) { s F, r F}.
It fulfils a graded Jacobi identity,
which can be deduced from changing the order of differentiation in (8) .
As for 3), using
we find
Recovering mechanics
To recover Hamiltonian mechanics we proceed as follows. Let Q be the coordinate space of the theory. Then, M = Ê and V is trivial V = Ê×Q . Hence, T V decomposes into T V = Ê⊕TQ . The condition for a mapping ϕ ⊕ ψ :
As the mapping ϕ is defined by its value at 1 we conclude J 1 V = T Q × Ê and, going to the dual we obtain the phase space,
The canonical 1-form Θ reads
whereas Ω (2, 0) is
which is just the canonical 2-Form. As the base manifold is one-dimensional, horizontal forms are either functions or 1-forms on T * Q . Now in this case equation (6) admits the former case since Ω (2,0) does not contain any horizontal component. Therefore the Hamiltonian multi-vector fields can be ordinary vector fields on T * Q only, and we have
There is no additional restriction to admissible Hamiltonian functions (cf. (11)) and we have arrived at the stage of Hamiltonian mechanics. As the bundle V is trivial we do not need a connection really, so there's no need for Q to be a vector bundle. As the base manifold is one-dimensional only, the product of two Hamiltonian forms always gives zero.
The case of a scalar field
In the case of a scalar field, the fibre of V is isomorphic to Ê. Using a connection Γ : V → J 1 V , we obtain an isomorphism
Hence
where pr denotes the canonical projection of the bundle V → M . Using (6) one immediately verifies in coordinates (x i , v, p i , p) of P in this case (let e i denote the horizontal lifts of tangent vectors of M and e i be the vertical forms with respect to the splitting discussed in the appendix; the determinant comes from the volume element on M )
is the canonical conjugate momentum to the (local) field Φ(x, v) = v.
Conclusions
In multisymplectic geometry we take phase space P to be the affine dual of the first jet bundle to a given vector bundle V . It is then possible to define (graded) Poisson brackets (16) on P even for nontrivial vector bundles. For this one needs a covariant derivative on the n + 1-dimensional base manifold M (space-time) and a connection on the vector bundle of the fields under consideration. Admissible observables are so-called Hamiltonian forms, horizontal forms (with respect to the splitting induced by the above mentioned connections) that satisfy certain consistency relations, (8) . It turns out that those Hamiltonian forms are polynomial in the momenta, i.e. in the coordinates of fibres of
In addition M has to be orientable in order to define a multiplication (18) between Hamiltonian forms. For Hamiltonian forms of the same degree, this product is commutative but gives zero if the form degree is less than (n + 1)/2. If space-time is taken to be one-dimensional the whole formalism becomes ordinary mechanics on a configuration space Q . Hamiltonian forms then are arbitrary functions on phase space (which itself is T * Q × Ê), and the Poisson brackets take the standard form. However, the product • always gives zero in this case. The Poisson structure is graded in the following way. Let the degree of a Hamiltonian form be its degree as a form. Then the degree of the Poisson bracket of two Hamiltonian forms is the sum of the respective degree minus n, the number of space directions, while the degree of the product of two Hamiltonian forms is the sum of the degrees minus n + 1,
Looking at proposition 5.1 we find that the graded antisymmetry of the {, }, the graded Jacobi identity, the graded derivation property with respect to • and the graded commutativity of • all match with each other.
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A Connections and jet bundles
Given a bundle π : V → M over an n-dimensional base manifold M every connection is defined by a section Γ of the first jet bundle J 1 V of V , since it describes how to lift tangent vectors of the base manifold horizontally. If in addition V is a vector bundle (with fibre V ) then as J 1 V is an affine bundle over V the connection Γ delivers an isomorphism
where both sides (VV being the vertical bundle to V ) are viewed as bundles over the base manifold M . Note in particular that the vertical bundle VV is a vector bundle over M (with typical fibre V × V , [13] , ch. II, 6.11.). Now for V being a vector bundle we can form the covariant derivative ∇ that corresponds to the given connection Γ. Then horizontal lifts of tangent vectors are represented by covariantly constant lifts of curves in the base manifold M . Therefore, in local coordinates
where Γ A iB (x) is the Christoffel symbol of ∇.
Now we are locking for a connection in J 1 V , that is for a map
For this, one needs a connection both in V and M ([12] , Prop. 4). If we use
we see that all we need is a map VV → J 1 VV , since a connection on M defines a map Λ * : T * M → J 1 (T * M ). Now the desired map can be constructed by vertical prolongation if we make use of the isomorphism VJ 
Hence, gives the isomorphism.
B A covariant derivative on T P .
Using a connection Γ of π : V → M , which is a map
the affine bundle π ′ : J 1 V → V becomes a vector bundle,
where Γ(V ) is identified with the zero section.
If in addition π is a vector bundle, then VV is a vector bundle over M as well ( [13] , ch. II, 6.11), and we have
In multisymplectic geometry the phase space J 1 V * consists of all with respect to π ′ fibrewise affine mappings from J 1 V to Λ n M . In order to simplify the notation, let us denote this bundle by P := J 1 V * .
Again, the connection Γ provides an isomorphism where p ∈ P , β v , γ v , X h ,Y h ∈ T P are lifts as above, and ∇ M is the (torsion free) covariant derivative on T M . The curvature termR of∇ is needed for D to be torsion free.
Since at every point p of P the tangent space T p P decomposes into the direct sum of horizontal and vertical vectors, we can choose an appropriate basis as follows. If (x i ) are coordinates of a neighbourhood U of M that trivialises P ↾ 
